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as n oo , as is easily verified by using the infinite series 

“ 1 + r- + ?? + ••• s 

so that the only limiting point of the set (* ! e) is zero ('). 

3. The object of this note ia to obtain some resalts regarding the 
distribution of the set of numbers (q H * 0), where 9 is a quadratic aard and 

— is the nth convergent in the continued fraction for 9. It is proved 

here that the limiting points of the set are finite in number and can be 
easily calculated. 

4. We shall begin by considering the set of numbers 


0) 


q„ 


0 _ C* 
Q» 


whose distribution is closely related to that of (q n 2 9). 

In considering the distribution of the set (1) there is no loss of 
generality, if we confine ourselves to quadratic surds whose continued frac- 
tions are purely recurring. To prove this, we observe first that if, 0 and 
<f> are two equivalent irrationals, that is to say, if they are connected by a 
relation of the form 

a A + B<£ 

C + D «#>’ 

where A, B, C, D are integers such that AD — BC = ± 1, then the par. 
tial quotients in the continued fractions for 9 and <f> are ultimately 


2 ill 

&2 ”4" 071 + a i + 11 2 "b 

1 ill 

Cj + C,«-f a | + «2 + 


identical. 


Let 

9 = b x + 

and 


and let — 

and — de 

9* 

<4* 

tions. We shall prove 


• • • 


00 , 


( 2 ) 


;j 4-1* 


9 — 


P» + r 


~ Q » ' I * ~ q”+ ' 


from which it follows that the two sets of numbers 




Q 


© — — 
9 Q, 


\ 9 ) For other examples, see the paper of Hardy aud ^ittlewood referred to above. 
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are distributed similarly ; and so in the case of quadratic surds there is no 
loss of generality in supposing the continued fraction to be purely 

recurriDg. 

5 . The proof of (2) is easy. We shall write for simplicity p, 7 , 
p, Q for p„+ r , qn+r , P*+r, Qm+r J so that, instead of r -*• co, we may say 

q t Q -*• oo. We have 




c q + d 


AP + BQ 
UP t UQ’ 


where AD — BC = =fc 1. It is easily seen that the last fraction on the 
right hand side is in its lowest terms ; and so 


= AP + BQ, q - CP + DQ. 


Now q 


e -« 
2 


2 | *f* B AP + BQ 

“ V 1 tU uF+DQ 


= I *Q ~ p I (° p + D Q) 

+ D 


by making use of | AD — BC | = 1 and (3). Therefore 


since 


"• e -;' 

c S + D 

Q- *-! 

C* + D 




6 . We shall now proceed to the proof of the rn iiu result of this 
paper. Let 



1 



* 


be a quadratic surd whose continued fraction is purely recurring. We shall 
adopt the notation 
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Let tl be the s th convergent of Then 
9* 


+ 


J_ 0, pn «*. p »- 1 


a 7 + «»+ «x 6 X ?n + flu-i* 


— £? 

_ 

Q,Pn + 

Pn-1 

— £? 

1 


^l?" + 

9n-i 

9» 

* - 

l 


1 

" ■ 

l 


2<« (0, + ?,x-l) ?* a $ t +9,-1 


Similarly 


5* 

72>, 


•« - = 


j_ 

9 a 2» 


l 


0, + fc- 1 


9*n 


and generally 


*n 


o i - 

q,n 


1 


9 s 


in 


0, + 5*l=i 

q»n 


Now 


9j«_: 


5 n -i _ i 1 1 

"" ' Ml *. 

q n a n + a*’ 

11 1111 






J. 

a 2 + a i+ a »+ a n . i+ a * 


"t* “O t “1^ *•» T »*n- IT « J 

and so on. It is easy to see that as s -* co throagh integral values 


f*n 

9*«-l 


r n - > 

ia n , On-i t ... «i J = — •=- , say. 

® i 


Hence / | $i 

q>n 


as s oc. 

If we start with the identity 

•l * «1 + 


1 


— f 


9 x — bi 


1 


1 1 1 


Ml M» — | 

« 2 + cr>.+ aj+ 8 a 

where 0j = [a 2 . a 3 , ... a n , a,], 

and argue as above, we obtain the result that as s oo 

1 

q>n + 1 ■ e s — 0j 


9*«n+l 


0 — M I 

/7 _ • 1 I 




«'.] = - =- 


1 

0* 


where [a/, a*, 


• • • 



165 


Generally, if r is an integer such that 1 < r < n, and if 

Or = <*r+l ••• fli» ^3 lit 


then 


7 »n+r— 1 


P'n+r-l 

7**+r-l 



1 



as s oo ; 5,. being defined by 

[a r -i, a* 1-2 ... a x , a„, an-i ... a r ] 



Hence the only limiting points of the set of numbers 




are 


1 


1 




e,-e 


— Qn 


7. We can now obtain the limiting points of the set (9’,, $) by 
making use of results proved above. Let 


6 = 6,-f 


1 


1 


1 


b i + b m + a z + o, t 


a" 

* 


0i *= a, + 


1 


+ 


2 

an 


LetJ0 a , 0, ... 9 n be defined as above. Let ^ be the rth convergent 
of 0. It is easily seen that, if r is odd, 


(0 9 ,>) = 9r » 


e — 


while, if r is even. 


(#?'*) = 1 -fr* I 0-5-' . 

I 9, 

Applying these to the results established about the set 




we get the following. I have merely 
verification is easy. ,!□ the following, k 


enumerated the results as the 
takes the values 1, 2 ... „ . 
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!• n even. 

(i) (m + k) odd. 

As s -> oo through 1,2, 3 

(0 9 *m+k+$n) 

6k — Ok 

(ii) (m + i) even. 

As s co through 1, 2, 3, 

(0 q 2 m + k+,n) 1 — 

II. n odd. 

(i) ( m + A:) odd. 

As s co through 2, 4, 6 

(0 9 a »+*+«) 1 — ^ • 

As s -> oo through 1, 3, 5, ...... 

(0 aVft+M ) ^ 1 ~ 


(ii) (m + A-) even. 

As $ oo through 2, 4, 6, 

(0 <J Z m+k+i» ) ' 

As s — ^ co through 1, 3, 5, 

1 

(0 <?*»»+ *- h » ) -* o k — e k ' 
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ON SOME RELATIONS SATISFIED BY 
BESSEL FUNCTIONS OF DEGREE (l» + a) 

By S. K. Baneiui, D Sc., 

Director, Bombiy and Alibag Observatories. 


It is easily proved that 


P f A) flip r _ i* lz 

» \idx) r V 5S 


Jn 4- jW 
■Jr 


P. W. 


where r = (x* + ?/* -f 2 2 )a and p = xjr. 
Consequently* 

d \ sin_* _ ■„ j-K J n4 
x 


P (A) Al x - in iz 

n \idi) X V 2 • 


JX 


We have therefore 


P ( d \ - :- n /2 (A ( d V in * 

w \ida) jx V 7T P^t \ idx j n \*d* / x 


in 


= ,“ n / 2 ^ 2» -f 2m — 4* 4- l A In — s) A (m — s) A (y) 

V 7 T 4 - i 


2n -t- 2m — 2s + l 


j = <» 


A (n -f- ot — j) 


n + m 


-* («) 


Pin re 


m and w being supposed to be positive integers and m < n % where + 

A («) = 1 • 3 ' * — ( 2m — U t 


This can al«o be written in the form 


m 


(D 


J « -4-1 (X) 
Jz 


VI 


= ^ «*" ~ 2< *L±. 2m ~ 4s + 1 A(« — s) A(m — y} Afy) 

2n + 2w - * + 1 * A (n + »— ,) 


+ & (®) 
Jx 


*, .‘vol'lV* p.T' ^ Art ' 384 ' " ' e? - a “ d Ba “ erji ’ «***», 

f See Adams, /Voe. 1878. 
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Similarly, we get 


m 


(4) { 


J «+iW 


Jr 


00 | 


VI 


S} i 7 *- 2 ' 2n + 2m — 4« + 1 A (n— s) A (m—s) A (a) 
2 n + 2m — 2g + 1 A (n + m 


— s) 


S=Q 


■ W—a-ttH p_,_ 


n+ffi- 


and 


J r 

For the Bessel functions of the second kind, we have 

© r - -■<,>. 

'• (a) r -«-"■* VI *3r>- 

We should therefore obtain in a similar manner, 

p - (4) 


Wf 




s«0 


2w 4-2m — 4s 4- 1 Afn~s) A(m— -0 A(s) A' w+w _o <4 . j (x ) 
2n+2m — 2*+l A (ti + m + s) 




* nd p ” (4) { -jr p ” w } 


m 


= 5 


2h 4- 2m — 43 + 1 A (« — «) A (m — s) A (s) 




2 n t 2m — 2s + 1 


s = 0 


A(» -f* rn + s) 

A»,+ fn— 2« + $ M p . . t „\ 

lpJ« 

V * 

ti and 7)i being supposed to be integers and tti < n. 

Now if we denote the operator ~ by D, then we can write 

idx 

00 


/ (D) = ^ c, P„ (D), 


n= 0 

2n 4- 1 r 1 


o. = fM p, (/<) ^ 


where 
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the conditions for the validity of the expansion being the same as for a 
Fourier series. 

It follows therefore that 



Jn+i ta) 

Jx 


CO 



m - 0 



\idx) Jx 


a > n or m 

= ^ o. 

w = 0 s = 0 



2n + 2m — 4$ + 1 x 
2n + 2m — 2s -f* 1 


Afw — s) A (m — s) A (s) 
A(n + m + s) 


2,+t (*) 

Jx 



the upper limit for the summation of the series within the bracket being 
m or n according as m < or > n. 


Similarly, 


' («) 



OO 

= ^ c,„ 

m - 0 


n or vi 



2i -f 2m — 4s 4- 1 

2u + 2m — 2 7 +H L 



Af« — • A(m — s) A(s) 

A (« H- m + s, 


• T n i-m - •-'< r j (**) 

Jr 


P 


’ifra--* 



These theorems mean that if .r J n+ ^ (jj)or r — * J n+ ^ P„ (, 0 ) t 

which is a solution of the wave equation, is differentiated 'in any manner 
the results can be expressed in a series of functions of the same type. 

The same theorems are true if Bessel functions of the first kind be 
replaced by Bessel functions of the second kind. 

Maxwell first pointed out that if a solution of the wave equation be 

differentiated any number of times with respect to *. y, z, we obtain 

solutions of the wave equation of various orders of complexities. These 

complex solutions cannot be interpreted physically unless they are 

expressed in a senes of standard solutions. The method indicated .'above 

may be used with advantage to express the complex solutions in a series 
or standard solutions. 


22 



17U 

ON CERTAIN QUADRATIC SYSTEMS OP CONICS. 

By R. Vydyawathabwamy. 

I. Definition. 

If ( \S + S') is a pair of straight lines when 

A + Q xa + e\ + A' = 0, 

then when 0’ = 0, it is known that there is an infinite number of 
inscribed triangles of S which are self-polar to. r. t. S'. In this case S 
will be said to be ex-harmonic to S', and S' in-harmonic to S. It will be 
noticed that the condition that S may be ex-harmonic to S' is linear in the 
oo-efficients of S and quadratic in those of S'. 

If S is both ex- and in-harmonic to S', S will be said to be harmonic 
to S'. 

The inscribed triangles of 6 belonging to a given pencil are all self- 
polar triangles of one and only one conic S'*. Thus there may be 
established a correspondence between pencils of cubics and the in- 
harmonic conics of S. In this correspondence the harmonic conics of S 
will correspond to the Null pencils +. 

II. A (1, 1) correspondence may be established between the points 
of a five-dimensional space S 5 and all conics in a plane ; for instance 
between the point in S 5 whose homogeneous co-ordinates are ( abcfg 7i) 
and the plane conic whose equation is (abcfg h) (a*, y, ?) a = 0. By 
this correspondence the straight lines of S*. will correspond to four-point 
systems of conics, and the planes of <S 5 will correspond to nets of conics, 
i.e., systems of the typ» \ 1 S l + \ 2 S 2 +- \ 3 v9 s where S lt S 2 . <S 3 are three 
conics. The conics which are line-pairs will correspond to points in S’ 5 
lying on the cubic surface 

A = ab; -f 2 fgh — af* — bg* — ch • = 0. 

A quadric surface in S 2 will correspond to a general quadratic system 
of conics, namely the set of conics whose coefficients satisfy a general 
quadratic relation. Now a quadric surface in S 6 has always two kinds of 
generating planep, such that any two generating plants of the same kind 
intersect in one ard only one poin* - , and two generating planes of different 
kinds either do not intersect at all or intersect in a straight line J. Hence 


* Vide * Linear Systems of the Third Order od the Conic,’ J. I. M. S., August 
1921. 

f Ibid. 

+ * Quadric in Five Dimensions,’ J. I. M S., June 1920). 
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A quadratic system of conics necessarily contains co nets. 'These 
nets can be divided into two distinct classes , such that two nets of the 
same class have one and only one conic in common, and two nets belong- 
ing to different classes have either no conic or a four-point system of 
conics in common . 

This theorem is fundamental in the 6tudy of quadratic systems of 
conics. We propose in this note to study the application of this theorem 
to a particular type of qaadratic systems, namely, those systems which 
correspond in to the polar quadrics of the cubic surface A. These 
polar quadrics have equations of the form 

a' (6c — p) + 6' (ca — g 2 ) + c' (a6 — h 2 ) + tf (<jh — «/) 

+ 2 g' ( hf - be/") + 2 h' ( fg — ch ) = 0 

where (a, 6...) are current co-ordinates and (a', 6'...) constants. Now 
this equation simply expresses that the conic ( 'abofgh ) is in-harmonic to 
a 6xed conic (a' 6' c' f </' li). Tuus the polar quadrics of A correspond to 
special quadratic ajaieins, namely, systems consisting of all conics in* 
harmonic to a fixed conic. 

III. Consider now the family F of conics in-harmonic to a given 
conic Let s be the point in S b corresponding to 5 and let 2 be the 
polar quadric of s w.r,t. A ; then 2 is the locus in «$ r , corresponding to 
the family F. Further if the polar plane that is four-dimensional flat region) 
of 5 tv, r, t. 2 intersect the latter in the locus 2i» then clearly 2 t is the 
locus of points which correspond to harmonic conics of S. 

Now 8 determines an involutoric correspondence Is between the 
points of 2, namely, the correspondence of the two intersections of 2 with 
any line through s. The self-corresponding points of h are clearly the 
points on 2i- Further it is not difficult to shew that the two kinds of 
generating regions of 2 are interchanged by 1 *. 

The meaning of the transformation 1, in the plane is evident. Thus 
if S’ is an in-harmonic conic of S , /„$' will be the other in-harmonic 
conic of S contained in the four-p^int system (6', S'). Also, from what 
has preceded, this correspondence interchanges the two classes of in- 
harmonic nets of S — that is the nots which belong to the family of conics 
in-harmonic to 


• This is easily seen by the method ot correspondence adopted in * Quadric in 
Five dimensions,’ In this method s will correspond to a system of forces and points 

on 2 to single forces. The correspondence F, will ithen be the correspondence of 
conjugate forces w.r.t, the system j. This latter correspondence will obviously 
replace each point by a plane, viz., its nul-plane and vice versa. Since points and 
planes correspond to the two kinds of generating regions of V, it follows that 1, 
interchanges the two kinds of generating regions, 
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Hence we have 

The conic S determines an involutoric correspondence between its 
in-harmonic conics— the self-corresponding conics of which are its harmo- 
nic conics. This correspondence interchanges the two classes of the 
in-harmonic nets of S. 

The operation 1 will be called inversion , and corresponding in- 
harmonic conics of iS will be called inverts of each other in S. 

Ex. (/). The invert of an in-harmonic conic having doable contact 
with S is a repeated line, viz,, thecbord of contact. Vice versa , any repeated 
line is an in-harmonic conic of S and its invert is a conic having doable 
contact with S. 

Ex. (2). The pencils of inscribed As determined on <S by any in- 
harmonic conic and its invert are mutually harmonic pencils (i.e. any triad 
of either pencil is harmonic to any triad of the other). 

IV. The in-harmonic nets of S. 

If ABO is any inscribed A of S, then, clearly, the net of conics 
having ABO for a self-polar triaugle is an in-harmonic net of S. Let us 
term this, the in-barmouic net of the first class corresponding to the in- 
scribed triangle ABO. Tnis net contains three repeated lines, v\ z., the 
sides of ABC and, further, is easily seen to contain only one conic having 
double contact with S — the chord of contact being the polar line of the 
triangle ABC w.r.t. S. 

The invert of this net we call the in-harmonic net of the second class 
corresponding to the triangle ABC. In view of Ex. (1) III, this net should 
contain one repeated line, namely, the polar line of ABC and three conics 
having double contact with S at the corners of ABC. 

A four- point Byetem every conic of which is harmonic to S, may itself 
be said to be harmonic to S. Clearly such a four- point system is inverted into 
itself by <S. It is easy to see that any net of the first class determined by an 
inscribed triaDgle ABC can contain only one four-point system harmonic 
to £ ; for there is only one qaadrangle which has ABC for harmonic 
triangle and which is in addition self-polar w.r.t. S. By inversion, it follows 
that this same harmonic system is contained in the net of the second class 
determined by ABC. Hence the net of the second class may be conceived 
as the set of conics having doable contact with the conics of a four-point 
system L, harmonic to S, the chord of contact being always a particular 
line, namely, the polar line of the harmonic triangle of the quadrangle 
which determines L. 

1 Finally we may verify the theorem, concerning the common conics 
of two nets. Clearly any two nets of the first class, say those determined 
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by the triangles ABC, A'B'C', have one and only one conic in common, 
namely, the unique conic which has ABC and A'B'C' for self-polar triangles. 
By inversion it follows that any two nets of the second class have one and 
only conic in common. Consider now two nets of d;£ferent classes, say a 
net N t of the first class determined by ABC and a net of the second 
class determined by A'B'C', The common conics of these two nets mast 
clearly consist of those conics of iV x whose inverts belong to the net N of 
the first class determined by A'B'C'. Heoce, in view of Ex. (2) III above, 
A\ and N t have no common conics unless ABC and A'B'C' are harmonic. 
When these triangles are harmonic, we may easily shew that the common 
conics are all the conics of the four-point system of N t , for which 
is a conjugate pair ; h t , being the points of intersection with 5 of the 
polar line of A'B'C'. For, fhe pencils determined on 6' by the conics of 
this four-point system are all such that their harmonic pencils (Ex. (2) 
quoted above) contain ABC. Hence the inverts of the conics of 
this system belong to N. Thus nets of different classes have either no 
conic in common or a four-point system in common. 

Ex. (1). If ABC, A'B'C' are harmonic inscribed triangles of S and if 
their polar lines cut S in (Tjj, A g ), (7tj , h<S) respectively, shew that the in- 
vert of a conic which has ABC for self-polar triangle and A, h 2 ' for 
conjugate points, is a conic which has A'B'C' for self- polar tiiangle and 
/«,, for conjugate points. 

Ex. (2). Shew that any in-harmonic four- point system of 5 must have 
its common self-polar triangle inscribed in S. Shew that any in-harmonic 
conic of S belongs to co in-harmonic four-point systems. 
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THE PEDAL LINE FAMILY OF A TRIANGLE 

By A, .Xaeasirga Eao, 


1, Introductory. — In this paper aD attempt is made to study the 
distribution and properties of the pedaJ lines of a triangle, regarded not 
individually but as members of a linear aggregate. Though the results 
obtained are mostly well koowD, it is hoped that the symmetry and 
simplicity of the methods employed will be of interest. The problem of 
determining all triangles having a common pedal line system is also taken 
up tor solution at the end of the paper, 

2, The Pedal Line, — Let A, B, C be a triangle and L a point on its 
circumcircle. It is well-known that the feet of the perpendiculars from 
L on the sides of ABC lie on a line called the Simpson or the pedal line 
of L iv, r. t. the triangle. As L moves round the circle, we obtain a singly 
infinite system of pedal lines which could be associated with the continuous 
variations of a single parameter l. We shall denote the vectorial angle of 

aDy pt, L on the circle by the corresponding Greek letter a and tan - by l 

60 that as l varies from — oo to -f oo the pt. L moves once round the 
circle. Thus the parameters of the vertices A,B, C are a, b, c and those of 
the circular points I and J are + i and — t. 

3, Some particular cases. — From the definition of the pedal line of a 
point it follows that : — 

(1) The pedal lines of the vertices of the triangle are the per- 
pendiculars from them to the opposite sides. 


(2) The sides of the triangle ABC are themselves the pedal lines 
of the points diametrically opposit to them on the circumcircle. 

(3) The pedal line of the points I J is the line at 
infinity. For if the pedal of I cuts AB in P then 1 must lie on the line 
through P _L AB and this will not be true unless P be at infinity. Similar 
considerations apply to the other two sides BC, CA. In the same manner 


the pedal of J is also the line at infinity. 

4. Class of the Envelope , — Take a pt. P 
on AB and let u PM be a chord J. to AB. 
Then through the point P there pass three 
pedal lines, the line AB, the pedal line 
of L and that of M and it is easy to see 
that no other pedal line can possibly pass 
through it. We may infer by the principle 
of continuity, that three pedal lines pass 
through any given pt. and that their 
linear aggregate envelope a curve of the 
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third class of which the line at infinity is a bitangent as it correspond! 
to two distinct values ± i of the parameter. 

5. Concurrent Pedals . — Let us now determine the relation connecting 
the parameters l, in, n of 3 concurrent pedals. The relation is obviously 
linear and symmetrical, since given 2 pedal lines, there is a unique third 
passing through their common point. Let us assume it to be 

A 7 win + B ( 1m + mn -f nl) + 0 (l 4- m + «) 4- D = 0... I. 

or slightly l [Amu -f B (m + w) + C] + [B mn + C(m + n) -f- D]=0. 

The later form shows that such a lineo- linear system contains always 
a singular pair m v (obtained by solving simultaneously Adm + 
Bwj + n + C = 0 and Bmn + Cm + n -f- D — 0) which form a triad with 
any l. In this case the singular pair is obviously (+ i, — i) since the 
pedals of these points, and any other point are all concurrent. 

Hence we have A + C = 0, B|-D=0 ... ... Ji 

Also a, b, c form a triad satisfying I since the corresponding lines (the 
perpendiculars of the triangle) are concurrent. 

We thus obtain the ratios of A, B, C, D and the condition for con- 
currence is finally found to be 

27 — 7 win _ B _ 2* — a l J c 

1 — £7m A “ 1 — "* 111 

or rememberiug that 7 = tan - a - tan^, etc. 

2 2 

we have tan ±. *-t. * = tan °L±A±J 

2 2 

* *. + /<. + !/ = 0 + ^+ 7 + 2i'7T ... ... 1 r 

as the condition for the concurrency, a result which does not seem to be 
generally known. 

7 ‘ If the P6dal lmeS ° f L ’ N witb rp8 P PCt to the triangle 
ABC are concurrent, so also are the pedals of A, B and C w r. t the 
A LMN. 


Cor, 2. By a proper choice of orgin, the condition of concurrent 
can be reduced to the simple form 7 

ban = 7 + m + «. 

™ ° rieiD 0t aneu,ar °° that 

al^y, ° r ’ r,) We ShaM h,,reafter this to be the case 

Cor. .1. The pedal correspoodine to the parameter 1 touches the 

envelope where it is cut by that of 2? 

72 — ? 
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Cor. 4' The pedal lines corresponding to the points 1 3 as 31, 
i.e„ l as 0 ± Js are the cuspidal tangents of the envelope, These tangents 
are themselves concurrent. 


6. The Equation of the Pedal Line in areal co-ordinates, — The equation 
of the pedal line of the pt, $ w. r. t. the triangle et,3y is of the form 

®L+a/M + ;sN=o 
where L M and N are cubics in t ^ == tan • 

Now when t — — — v or — - the corresponding lines are s=0, 

u O C 

y = 0 or z = 0. Hence the equation can now be written as 

x{lb + 1) (tc +1) L' + y ( ta + 1) (tc + 1) M' + 2 = 0 

where 1/ M' and N' are linear in t. 


Again when / = a the corresponding pedal is 

y _ tan B y (a ~b) + * (a — c ) _ 

z ~ tan C or 1 + ab 1 + ao “ U 
and similarly for t — b and c. 

Hence L' = (/— a) L'\ M' = — 6) M", N' = (t—c) N" 

where L", M" and N" are constants. Finally applying the condition that 
the pedal of t - i is the line x + y + 2 = 0 , we have L" = M* = N" 
giviDg us the required equation 

x 0 — a) , y{t — b) z (t — r) _ 

1 + ta l + tb + l + tc U 

. 0 — a e — 3 $ — V 

or x tan — ; g— + y tan — ^ — + ztan — 2 — =0 * 


7« Perpendicular pedal line*. — As an example of the methods employ- 
ed in this paper, let us determine the relation between the parameters of 
perpendicular pedals. To each l there corresponds a single direction, a 
definite perp. direction and 3 lines along this direction. But as the line 
at infinity counts twice as a pedal in this perp. direction there is only one 
other distinct line corresponding, say, to the parameter m. The relation 
connecting l and m is thus a one-to-one correspondence of the type 

A Im + B (2 -{- m) + C = 0» 

But we know that the pedals corresponding to the parameters 





are at rt. angles (being in fact 


the sides and the perps. of the A). Hence'these pairs satisfy the relation 
which must therefore be 


lm -f 1 = 0 


\ Uj 

or tan ^ tan -g 
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showing that the pedals of the extremities of a diameter meet at right angles. 
It is a well-known theorem that they meet at right angles on the nine points 

circle. 

8. The Envelope of the Family .— We have seen already that the line 
at infinity (Lqq ) is a bitangent of the envelope. Also since 3 tangents 
pass through any given point, and as no other pedal can pass through I 
other than , I must be one of the points of contact and similarly J. 
The envelope is thus seen to be a curve of the 3rd class having double con- 
tact with at the circular points, i e„ a tricusp Hypocycloid. The inter- 
sections of ± tangents lie on the in-circle of the Hypocycloid. This is the 
nine-points circle of the triangle. The cusp lies on a concentric circle of 
thrice its radius. The equations of the cuspidal tangents have been 
already obtained. These cuspidal tangents are equally inclined to one 
another and meet at the nine-points circle of ABC. 

9. Are there other triangles having the same pedal line family as the 
A ABO P The question is easily answered in the affirmative. Any trans- 
formation which transforms 1 lines into _L lines and which leaves the 
hypocycloid unchanged conserves the pedal line group and such a trans- 
formation may give us a new triangle. Rotation through ± l'20 o about the 
nine- point centre and reflexion about the 3 cuspidal tangents readily suggest 
themselves. More generally the hypocycloid is completely determined 
when we are given its in-circle and ore of its cuspidal tangents both in 
position and magnitude. Hence if we are given a circle ar.d one of its dia- 
meters, all triangles constructed so as to have this circle for tht-ir nine- 
points circle and the given diameter for a pedal line will have a common 
pedal line group, namely, the tangents of the unique hypocycloid escribed 
to this circle and having the diameter for a cuspidal tangent. There is 
an infinite number of triangles satisfying the condition. 


23 
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. SOLUTIONS. 

Question 417. 

(V. Ramabwami Aiyar, M.A.) : — If parabolas are escribed to a Iri- 
angle, shew that any system of corresponding lines connected with them 
(considered as similar figures) envelope a three-cusped hypocycloid. 

Question 1101. 

(M. Bhimasena Rao): — Show that the centre of a three-cusped 
hypocycloid escribed to a given triangle is equidistant from the ortho- 
centre and the circutr-centre of the triargle. 

Question 1250. 

(V. Ramabwami Aiyab, M.A.):— If five straight lines be tangents 
to a three-cusped hypocycloid, prove that the foci of the five parabolas 
touching the lines taken four at a time are all collinear. 

Solution and remarks by M. Bhimasena Rao. 

Let S be the focus and F the foot of the directrix of a parabola escrib- 
ed to a triangle ABO whose ortho-centre and circum-centre are H and O 
respectively, and let PQR be any line meeting the directrix FH in P. 
If ST be drawn parallel to PQR, meeting the directrix in T t we have to 
prove that PQR touches a three-cusped hypocycloid when the triangle STP 
is given in species. 



On HO describe a triangle HON inversely similar to STP, and draw 
the oircle HON, meeting the directrix in M. Join M N . 

SPT = HNO = OA1P = e, say. 

SP is parallel to 031. 
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Again STP = HON = NiMH = <#>, say. 

ST is parallel to NM. 

NM ie parallel to PQR. 

Complete the parallelograms OMPL and NMPQ. 

Considering the triangle OSL, we have 

OL __ ein OSL _ sin (OSF — PSF ) 

OS siu OLS sin SPT 

Now, OS = R, the circum-radius of ABC, angle OSF = \ + v 

(Gallatly’s Modern Geometry, page 27), if the trilinear co-ordinates of S 
referred to ABC be sec sec p, s°c v. The angle SPT = 0 and PSF is 
90 — $. 

OL = — R co 9 (\ -r /t + v + 0) / sin 0 . 

If is the length of the perpendicular NR on PQR, we have 
p — NR = NQ sin NQR = MP sin MPR 
= OL sin <p 

= — R sin <p cos (k + p + v + h) / sin 0. 

In terms of a single variable w, — p, v may be expressed as 180° +■ 
to, to ~ B, and <o 4 - C respectively. 

The envelope of the line PQR is therefore 
p = R sin cos (3 a> — B + C + 0) / sin 0. 

which is the tangential polar equation of a three-cuspod hypucycloid 
whose centre is at N, and the radui 6 of whose rolling circle is 

R sin / sin $. 

If PQR is a tangent to the parabola, the sides of the triangle ABC 
will be the positions of the variable line PQR, and in this case the three- 
cusped hypooycloid is inscribed iD the tiiangle ABO. Since SP will now 
bisect the angle QPP, the triangle SPT is isosceles, SP being equal to PT ; 
and therefore in the similar triangle HON, HN = ON. This ie the result 
of Question 1101. 

Next consider a triangle ABC and two transversals XTZ and XT'//. 
If S and S' are the foci of the parabolas escribed to ABC and touching 
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3CYZ and X'Y'Z respectively, SX, SY, SZ are equally inclined to the sides 
of ABC, say, at an angle 0, and likewise S'X', S'Y' and S'Z' at an angle <f>. 
These lines being concurrent corresponding lines of directly similar 
figures described on XX', YY', ZZ', the points of concurrence, namely, S 
and S', and the double points of the similar figures, being the foci of the 
remaining three parabolas touching the two transversals and two of the 
three aides of ABC, lie on the circle of similitude. This circle is the well- 
known Miquet’s circle of the lines AB, BC, CA, XYZ and X'Y'Z'. If a 
three-cusped hypocycloid touches these five lines, then XYZ and X'Y'Z' 
are corresponding lines of the parabolas having S and S' as foci ; the angle 
9 = 4>, that is to say, SX, SY, SZ are respectively parallel to S'X', S'Y', 
S Z . The circle of similitude, on account of this parallelism breaks up 
into the line 8S' and the line at infinity. If S x , S 2 , S 3 are the double 
points of the similar figures on XX', YY', ZZ', then AS lf BS 2 , CS, will 
now be parallel and inclined to SS' at the same angle 9, and the invariable 
points are at infinity on lines inclined to the sides of ABC at the angle 0. 

The tangential equation of the three-cusped hypocycloid in Question 
417 may be obtained thus : — 

If fjj, v be the direction angles of any line, the equation of the ver- 
tex-tangent of the parabola escribed to ABC and having its focus at 

a sec b sec /*, c sec v is, in areals, 

L = a tan p, tan v + 0 tan v tan «. + y tan et tan 0 = 0. 

The axis of the parabola is 

M = a. (tan fi -f tan v) 4- 0 (tan v + tan a) 

4- y (tan a + tan 0) = 0. 

Also let jS T = a + /? + y = 0, the line at iutioity. 

Since the vertex-tangenis of tsoribed parabolas are corresponding 
lines, and likewise their axes, the line at infinity being a self-corresponding 
liue, the hues 

iii + mM + nNaO 

where l, m, n are constants, are corresponding lines of the parabolas for 
variable values of p, v. 

The tangeutial equation of the envelope of these lines is obtained 
from eliminating p,, v, p from the following equations : — 

l tan p, tan v + m (tan 4 tan v) -f n = px 
l tan v tan \ 4- m (tan u 4- tan \) + n — py 
l tau \ tan p, + m (tan \ 4- tan p>) 4- n = pz 
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= 0 
= 0 


a cob \ -f b cob p 4- c co6 v 
a sin \ + b sin /& + c sin v 


The steps in the elimination are omitted as being a little tedious, and 
writing y — z =■ c — x = *1 and x — ?/ = £, the eliminant may be 
expressed, by geometrical considerations, in the form 



cot A '^x + 



nl — m 9 

* = T "m 2 ) 2 




cot/? — £cot c) — Wl 



The envelope of the vertex-tangent L = 0, is the Steiner's tri-cusp 

2 Rot A * 2 x = 0. 


The envelope of the axis M = o is the Steiner’s tri-cusp 
(of the anti-medial triangle of ABC) 

2 cot A | 2 ( — x + y + z) =0. 


The condition that the line l L -f m M -f. n N = 0 touches the 
parabola is 

nl — m* — 0, 

and the envelope of the line will then be 

l Scot A | 2 » + m | £ = 0, 

a three-cusped hypocycloid inscribed in ABC, and the centre of this 
curve is l 2 x sin A cos (B — c) — m 2 X sin A sin (B — c) = 0, 

the locus of the centre is the liue / — 8 * D ^ ** sit ' 3 C \ . . , 

V sin A ’ am B * silTC" ) C 

is the perpendicular bisector of OH. 


Question 1011. 

(Select fci>) In an ellipse the tangent at P cuts the directrices in 
Z, //, and the remaining tangents from Z, Z' to the ellipse meet at 
T. Show that PT is normal to the ellipse and bisected by the minor axis. 

Solution by R. P. Paranjpye and K. J. Sanjana. 

The points of contact of the tangents ZT and Z'T are the other ex- 
tremities of the focal chords through P. 


Considermg the tr, angle PQ8’, QT bisects the exterior angle at O 
and S T the eater, or angle at S’. Therefore T i, the ex-centre of the tril 
angle and PT b, sects the angle QPS' and is therefore the normal at P 
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Draw TM perpendicular to PS and TN and PK perpendicular to the 
directrices ; PM is equal to half the perimtter of the triangle PQS' and, 
therefore, PM is equal to the major axis, 

SM = PS'. 

/. TN/e = PK/e. 

TN = PK. 

PT is bisected by the minor axis. 
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Question 1061. 


(LAKBEMifAKKiii N. BnAiT):— The Euler line of the triaDgle AB,^ 
meets the sides AB,, AO, in B a , Cj, ; The Euler line of AB 3 0 2 meets 
these sides in B s , C s ; and this process in continued indefinitely. If N r 
is the nine-point ceotre of the r tb triangle AB,.C r tbns formed, and AN r 
meets B r C,. in D n prove that the straight lines N, N*+'.> and D* D*+Sy 
are parallel, x and y being any positive integers. 

Solution by K. Satyanarayana, 


By Questiou 1009 solved on page 185 of the J. 1. M. S Vol. XI, it 


follows that 

B*C*, B*k-C*+::, B i+ iCx + i, 
and AB,+5 y Ox+2y are similar and 
ing points 

AN, AN,fv y 
*** AD* “ A9 J+2j/ 


are parallel. Hence As AB*C* 

N*. N* + 2 y , Dx , D,+:.y are correspood- 


N xNx+ty is parallel to D r D,^.jy. 
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Question 1100. 

(LAK8HM18HANKBR N. Bhatt):— ABC is a triangle having its sidns 
divided internally and externally in the ratios p/q , q/r, r/p. If the four 
lines joining the points of division, three and three, touch a parabola, 
then prove that 

(i) the parabola can for no values of p/q, q/r, r/p pass through the 
intersections of the circum-circle and the nine-points circle ; 

and (ii) if p , q , r are proportional to 

J { a (cos A — cos B cos 0 ) } , J { b (c >a B — cos A cos C) } , 

J { C (C09 C — C09 A cos B) } 
then the focus will coincide with the nine- points centre. 

Solution by K, Satyanarayana. 

Let D, D'; E, E'; F, F* divide respectively BO. CA, AB internally 

n r p 

and externally in ratios 

3 r' p' q 

Co-ordinates of D, E, F iv. r. t. A ABC are 


0 — — ~ q • — 0 
* q + r • o + r ’ r + o’ 


, 0 . 


q + r ' q + r ’ r + p- ' r + p'p+q* p + q ' 

Lines EFD', FDE', DEP, D'E’F' are — px -f- qy + rz = 0 ; 
px — qy + rz = 0 : px + 91/ — rz = 0 ; px + qy 4- rz - 0. 
If co-ord'DAtes of P w.r.t. A ABC, and A DEF be x, y, z; X, Y, Z, 


X = ~ 


A PEF 
A DEF 


X 

r 



0 _ 

— _1 

'J 2 

0 p 


9 

+ >• + r 

r + p 

»• -r p 


>• 

3* 

" f 

I 

O 


-P 0 



p t q 

p t q 

1 

9 

+ V 

- 0 1 

r + 9 1 

_ p{q_ 

+ >•) ( — px 4- qy - f rz) 

^ a 




Y 


r 1 9 O' + P) __ r (p + 9) 

pX + W + rz px — qy + rz ()X t qy — r. 

— X — + Y + _Z 

= p ( 9 + r) 9 (r + )» r (p + q) ‘ 

V x + 9 */ +■ rz 
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the parabola is ^\X + JpY Jv'L e 0 ; where \ -f ^ + y=s 0 . 
But D' E' F is — - + X + — 2 - o 

P (9 + r) q (r + p) r (p + q) 
and because this touches the parabola, we get 

x P (9 + r ) + pq O’ + p) + I"* (p + 9) = 0. 

Hence x _ P _ v 

P (q r ) 9 ( r P") r (p — q) 

• • tb© parabola is *J p* — r*j ( — px -f- qy-t-rz 

+ \r*-p*j px — + rz) + Jr' (p* — (p* + ?y — rs;™ 0. 


which reduces to — — — 4- — --- — ■ 4 — — = n. 

9 1 — r* r a — p 2 p* — 92 

(i) If this should be 2)«* yz 4 k [2 (*• +■ c* — a*) x % — 2 2) a 8 yz] 
= 0 , then k = J and 

9 a — r* 5*2 — pi 


(e* 4 a* — 6 *) (a 2 + b» — c 2 ) (as 4 6* — <r») ( b a 4 c » — a 2 ) 

•■= -rs — which cannot hold, since sum 

(6* 4 C2 — 02 ) (c2 + Q» — b») 

of denominators — [2) a 4 — 2 2) 6 # £ 2 ] or (<2 4 64 c) ( — a 4 b 4 c)x 
(a — b 4 c) (a -I- b — e) can never be zero ; *.* sum of any two of the 
quantities a, b, c is always greater than the third. 

(ii) In this case equation of parabola becomes 

* 2 V* 


(b 2 — c>) (b» 40* — a a ) (c a — a 2 ) (c 2 4- a* — 6 2 ) 

Z 1 = 0 . 

(a 2 — 6‘) (a 2 + 6* — c*) 

By Example 7 , page 310 of Aekwith’s Analytical Geometry, 


the co-ordinates of the focus are proportional to 


(r» — a 2 ) (c* + a* — b *) 


i.e., to 


i. to 


4. , etc., 

(a 2 — b>) (a* 4 6 2 — c*) 

( 6 * — c*) (a 4 — 6* — c «) 

( c * — a 51 ) (a* — b*) (r* 4 a* — b 2 ) (a* 4 - — * 8 ) 

(b 2 __ ^)* (b« 4 c« — a 4 ) (6 1 4 r 2 — a 2 ;, etc. 


, etc., 
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But the co-ordinates of N. P. centre are proportional, a * (6* + *•) — 
(6 <r s )», etc., which are not proportional to those of the focus. 

The second portion of the problem therefore appears to be incorrect. 

4 

Question 1122. 

(V, Ramaswami AiYab): — If the join of four coDcyclic points 
A, B, 0, D taken iu pairs iutertect io P, Q, R, prove that the N.P. circle of 
PQR passes through the centroid of A BCD. 

Solution by K. Sa/yanarayana. 

O is the centre of the circle A BCD. 

X, T, Z, W, L, M, N are the mid. -points of AB, BC, CD, DA, QR, 
RP, PQ, respectively, G being the centroid. 

From quadrilaterals RCPD, and QCPB, respectively, it follows that 
MZX, NYW are straight linep. 

Also, from the cyclic quadiilateral", 

ZXZQ = ZGZC = ZQOX, 

ZWYR - ZGYC = ZROW, 

ZDCB = ZZCY = Z W OX ; 

ZZGY = ZMGN = ZROQ 

A 

But ZROQ is the 
supplement of Z 
RPQ or Z M L N 
since O is the 

ortho-centre for A 

PQR. 

Hence ZMGN + 

ZMLN = 2 right 
angles. 

Thus G lies on 
the circle LMN, 
which is the N.P. 
circle of PQR. 
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Question 1163. 

(V. Rauibwaui Aitab) : — If a rectangular hyperbola passes through 
the ir-centre of a triangle and the feet of the perpendiculars drawn there- 
from to the sides, prove that it cuts the inscribed circle again at the point 
which is diametrically opposite the Feuerbach point. 

Solution (i) by G. A. Srinivasan. 

Reciprocate with respect to the ic-sircle. The rectangular hyperbola 
reciprocates into a parabola which touches the sides of the given triangle 
and whose directrix passes through the in-centre. We have only to 
prove that the fourth common tangent of this parabola and the in-circle is 
parallel to the Feuerbach tangent. 

Let the equation to the parabola (in areals) be 


-f ** 0 ... ... (1) 

where \ + + v = 0 ... ... (2) 

Jta directrix is * 

x (6* + c* — a*) ®-f ft, (c* -fa* — 6 s )y -f v (a 2 + b 9 — c*) z = 0. 
Since this passes through the if> centre (a, b , c) 

x. cos A + ft, cos B + v cos C = 0. 

From (2) and (3), we obtain 


see 


(3) 


v 


(6 — c) (s — a) (c — a) ($ — b) (a — b) (s — c) 

Let the fourth common taDgent of this parabola and the i c-circle be 
lx -f my -f nz = 0... ... ... ... ... (4) 

* 

- c 


m, s — a . s — b , s 

Then — = — + -f - 


l 


= 0 


m 


n 


and (* — ^ + ( * — 6) (c — «1 + (s — cl fa — b) __ ^ 


l 


in 


n 


. , s — a s — b s — o 

whence, l = , , m = , n = — - — — 

6 + c — 2 a c -t- « — tb a + b — 2c 


Substituting in (4) we obtain 

< s -°> * + (, ~ ^L y + 


b -f c — 2a 


8 — c 


c •+ a — 2b 


a + b — 2c 


z = 0. 


* [Vide Ex. 14. p. 312, Askwitfc’s Analytical C^om. of the Conic Section (old 

edition)] 
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This line'is evidently parallel to the Feuerbach tangent of the in-circle 
given by t 


T + - 0 — 

b — c c — a 


= 0 . 


Remarks . — 


The equation to the Tectangulnr hyperbola in question is easily seen 

to be 

2 (6 _ C ) (s — o)’* 3 + ? (b - c) (s — b) (* - c) jz = 0. 

This conic passes through the point whose co-ordinates are 

— - — , — — ; , — — » i.e. the Gergonoe point or the point of CGDCur- 
s — as — b s — c 

rence of the lines joining the vertices to the points of contact of the 
in-circle with the opposite sides. 

Solution ( 2 ) by S. L. Mahirkar . 

Reference: — I in-centre 
K of A ABC. 

— /('' ^ JDEF pedal A of 11. 

/V. LL n. 'P the ortho-centre of A 

c > / r^'^vwV® ; DEF * 

s' I V'xJ*' / I \ ^ the c,r cum-centre of 

\ / \ ^ ABC. 

X s \ 7r The Feuerbach point 

y for the in “® of ^ ABC. 

A d C n' The diametrically op- 

posite point. 

A ' B\ C\ the middle points of BC, CA and AB. 




V . A 


A ' B', C\ the middle points 
We know nr' (DEFI) 

__ sin D w' E . sin F ir' 1 
sin D 7T' 1 . sin F tt' E 


sin DFE 
sin Dtt'tt 

sin DFE 
sin FDE 

sin DFE 
sin FDE 


sin Ftt'tt 
eiu FDE 

sin 7 tFA 
sin ttDC 

sin wFC* 
sin ttDA' 


. 7r FA — C in alternate segment 

^ F 7T' 7T . 


t [Vide A-kwitb, l, c. p. 80S]. 
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__ sin DFE 

sin CIS 

V A AVD is similar to A SAl and 

sin FOE * 

bin A IS 

A O' tt F A SCI. 

_ sin DFE 

sin SCI 

V AS = CS and IS common in the 

sin FDE ’ 

6iu SAl 

A SIA and A SIC. 

_ sin DFE 
• • 

sio 1F<£ 

V £ = £ { DFE— DEF} 

= i [ZC — ZB] = SAl. 

sin FDE 

sin 1D<£ 

__ sin D^E 

sin I<£F 

V IF = ID and 1<£ common in the 

sin F<#>E 

siu 1$>D ' 

triangles 1<£F and 1<£D, and <f> is 


the orthc-centre of A DEF. 


= <p (DEF1). 

<p, D, E, F, 1, lie on a couic. 

But any conic through the vertices of a A aud its ortho-centre is a 
rectangular hyperbola. 

<fi, D, E, F, 1, are on a rect. hyperbola. 

The hyperbola (eqailateral) through D, E, F, 1, passes 
through vr'. 

E* D» 

Similar relations are also true for the ex-circle. 


Question 1179. 

(Cobekctejj) From an external poiut T ( x , y), tangents TP, TQ 
are drawn to the conic S = a.c a + 2 hxy + by' + 2 gx + 2 fy + c=0 
prove that the area of the triangle TPQ is 

S* V- A 
A — US ’ 

aod that the area of the quadrilateral OPTQ, where O i 8 the centre of tha 

. . 

conic, is ^ 

Additional Solution by F. H. V. Gulaselcharam. 

Let us use Capital letters X, Y for current co ordinates. Suppose 
TP = a, TQ = 0, Pl’Q = area of the triangle TPQ = M. 

The original equation to the conic is 

a X* + 2 h XT + b Y’ + 2<7 X + V X + t = o ... (1) 
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Transferring the origin to T (a*, i/), the equation takes the form 

a X 2 + 2h XY + l Y* + 2g X * 2 f 1 + 8 = 0, ... (2) 

Again transforming the equation, referred to TP, TQ as axes, it 
takeB the form 


s [(! + r 1 )’^* 11 ] = ° • {3) 

For, the term independent of X and Y in (2) and (3) must be 
identical. 

Now from (l), (2) and (3), the invariant properties give 



A sin 2 w = 

— S 3 x 2 

• • • 

• • • 

... (0 


C sin 3 iv = 

— S*x 


••• 

... ( 6 ) 

also 

2 M = 

<xJ sin 

w 

• • • 

... ( 6 ) 


From (4), (5) and ( 6 ) we immediately get 



s 7 -J—& 

-A— US ‘ 


Again remembering (i) that the equation to PQ (referred to the original 
axes) is x (a X + 7i Y" -f < 7 ) + y Ji X + b Y f) +■ (jX + f Y + c) =0, 

(ii) that T and O are the points (*, y ) and ^ ^ respectively, and (iii) 

that T and O are on opposite sides of PQ, 


A OPQ A TPQ 

we 8 0 t "K 7 0- = -=s~ = 


Quad OPTQ 
A 

c - s 


Hence the quad. OPTQ = 


V— A_s 
C 


Note to the question, as originally propostd by mo, the expression for the 
area of the quadrilateral was wroDgly given. The correct expression is given in 
J. I. M, S. Vol. XIV, p. 37. The original expression 

, J — AS T DS DS~1 

1 A-CS L X Tc T v dffj 

gives the area of the quad. O'PTQ. where O' is the origin. 
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Question 1183. 

(B. B. Bagi):— The circles round AQR, BRP, CPQ, where P, Q, K 
are points in order on the. sides BC, CA, AB of a triangle ABC meet in O. 
If A', B', C are the middle points of the arcs QOR, ROP, POQ, then show 
that A'B'C' is similar to the triangle formed by the ex-centres of ABC. 
Also show that A', B', O' and the in-centre of ABC are concyclic. 

Solution by V. V, S» Narayan and K. Sotyanarayana. 

We have ^C'OB' = ZC'OP + ZB'OP = £ (C + B), 

ZC'IB' =» Supplement of ^ (C,l + B), where I is the in-centre. 

Hence I, B', O, C' are concyclic. 

Similarly I, B', O, A' can be shown to be concyclic. 

Therefore A', B', C', I, O are concyclic. 

Consequently the angles A', B', C' of the A A'B'C' are easily seen 
to be equal to 5 (B -f- C), £ (C + A), £ (A -f B) respeciively, which 
proves that the A A'B'C' is similar to the ex-central A of ABC. 

Note : — The property giv^n io the question is extended by the fact 
that the point of concurrence O of the circles is also shown to be concyclic 
with A', B', C', I. 


Question 1187. 

(F. H. V. Gulasekhabam) s — I f /, g, h be the lengths of the 
bisectors of the angles A, B, C respectively of a A ABC, prove 

(i) fo* + 7i 2 — 2 gh cob $ (B — C)]* + [<4 2 +/ 2 - ihf cos* (0-A)]5 

+ [/ 2 + g % — *fg cos | (A — B)]i= 0. 

(jj) 810 | (B — C) + sin l (C — A) + sin 4 (A — B) _ Q 


/ 


Solution by K. Salyanarayana, A. Mahalingam and (he proposer. 
Let AF, BG, CH be the bisectors respectively equal to/, g , h. 
We shall first prove (ii). 


Since 


/« 


2 6c cos ~ 
2 

6 + c 


2 A 


(6 + c) sin - 


sin K B — C )- 


,, , . B-f C . 

(6 + cj cos — J- — sin 


B — C 
2 


2 A 
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__ (b + c) (sin B — sin C) _ (6 + c) — c ) 

= 4 A 8 A K 

_ b* — c 2 

8 A R * 



ain I (B — 0) 
/ 


1 

8 A K 






Now, to prove (i), draw AG', AH' equal to g, 7i making angles 

a ( A — B ). \ (A— 0; with AF. Then by virtue of (ii), it is readily seen 
that FG'H' is a straight line. 

Further FG' « J (J* + g * _ 2 fg cos± (A — Bj), &c. 

Hence (i) is identical with (FG' + G'H' + H'F) which is zero, 
if we take the sign into consideration. 


Question 1191. 


(G. V. Telano):— ABC is a triangle inscribed in a circle Three 
tangents are drawn to the circle so that, the portions of them cut off by 
AB and AC are bisected at the points of contact P, Q and R. Show that 
the orthoceotre of the triangle PQR lies at the mid. point of BC. 


Solution by K. Satyanarayana. 

■ Le !,w To 6 of th " circie be the ori 8 in »nd let A, B, 0 be the 
points (0), (a), (£) respectively, the radius of the circle being a. 

bs portion ° f th * ■* ^ ^ 
AB, AC are given by 


(* + 


V taD y — • a ) (* + y fan 


8 

2 




1 
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or 


QL Q \ 0L 8 

»' + xy (tan g + tan ~g ) + taD £ tan 2 

— 2 ax — ay (tan - + tan ^ + a* *■ 0 . 

Equation of the tangent at ‘ x. ’ may be written as 


X — a cos x. __ y — aein x 
1 r 


cos 


( f + * ) sin + *) 


= r, 


r being distance of (», y ) from \. 

Where this cuts (1), the sum of the values of r 
Hence after reduction 


0 . 


\ 

4 sin* g coe 2 


Ml 


0 ) 


+ (tan | + tan (sin* g — 4 sin 2 ~ cos’g ) 


_ , oc 8 . \ 

4 . 2 tan g tan g 8,0 2 C08 


g (l 2 Bin* ^) — 0. 


Taking away 
(<» — 3«) 


the factor sic g and dividing by cos" g . we 8 et 

/a 8 \ l a. 8\ 

f tan g + tan g '4 2 <» ^2 — tan g tan -gj 

OL 8 x 

+ 2 tan g tan -g = 0 , where f = tan g. ... 





(2) is a cubic in t giving 3 values for /, and each value of taD 2 

giveB only one value of \ between 0 and 2 7 r. Thus we have 3 points 
satisfying the condition. 1>1 the three values of \ be x, and x 3 . 

If t r t t , t s be the roots of the Equation 

2 (*2-’angtan|) , 

= - — « w 

tan - + tan -g 

a 8 
2 tan- tan -g 

S *i *2* = — 3'» *x f i *s — o, 8' 

tan 2 + tan g 
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. ^ ( x i ± X «.±.M - - W* 

l / l- SVt 


a + £ 

= — cot — 2 ,aD 




i.i.t x, + x +x,=(2n+l)ir + a + 4, 

Now the ‘ m ’ of the join of x t to mid.-point of BC is 

a 4* B a — 

bid — Bin — - — cos — n — 


... ( 3 ) 


COB COB 


a + 8 


2 

a — 8 


2~ 008 —J 


», -BiD t±l COS * (1 + (,*) 

(>-«.*)- ■*>. CO. (1 + (,') 

while the ‘ m ’ of the join of x g , x, = + tan , from (3) 


and this reduces to 


Bln — t i cos 

cos ?L±J + t Bin ?Ldtj? 
2 2 


Hence the condition for the perpendicularity of the former and the latter is 
[». ~ 8i " ^ c ° 8 — 0 + «,*>] [cin a + 3 -t, co. 2+*] 


+ [(1 - <1 ! J — CO. a _+ 


* cos 


*- 3 0 + »»•>] 


[cos 2-+^ + «, Bio 2+^] = 0, 

or .in 2_±J» + <t . [3 C08 a+jS + 008 j 


+• |^C08 a — — 


COB 


* + a 


] = o 


which is satisfied since satisfies (2), and (2) easily reduces to the above 
form. 

Hence the mid .-point of BC is the orthc-centre of the triangles whose 
vertices are the points X 1# X 5 , X 3 . 
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Question 1199, 

(F. H. V, Gulasbkhabau) : — Prove that the radius of the pedal oirole 
of a point P with respect to a triangle ABC is given by 

R sin A sin B sin C 


cos PA B cos PBC cos PCA + cos PAC cos PCB cos PB A * 

where R is the circum-radius of ABC. If the pedal triangle of P is in 
perspective with ABC, prove that the expression above reduces to 




sin A sin B sin 0 


cos PAB cos PBC cos PCA 


Solution by K. Satyanarayana and K. J. Sanjana. 

Let us first prove a Lemma : If D, E, F are any three points respec- 
tively on BC, CA, AB, then, 


AF . BD . CE + A E . CD . BF = 4 R . A DEF 
For, denoting BD, OE, AF by *, y, z , 

4 R . ADEF = 4 R [A ABC — A AEF — A BDF — A CDE] 

= abc — (b — y) za — ( c — z) xb — (a — x) yo 
E3 abc — bcx — cay — abz + ay: -f- bzx + cxy 
= xyz + (a — x) (b — y) (c — 2 ). 

Denoting the pedal A in the problem by DEF and its circum-radius 
by RS 

4R' . A DEF = EF . FD . DE «• PA . PB . PC . sin A sin B sin C, 
or 4 R . A DEF . 5-' = ( AF . BD . CE + AE . CD . BF) . 

XV K 


or 


= PA . PB . PC , sin A sin B sin C, 

R sin A sin B sin C 
AF BD CE AE BF CD 
PA ' PB * PC + PA * PB ‘ PC 


__ R sin A sin B sin C 

cos PAB.cos PBC cos PCA + cus PAC cos PCB cos PBA * 

If DEF and ABC be in perspective, AF . BD . CE = AE . BF . CD 
and hence the second result follows. 




Question 1201. 

(Martin M. Thomas): — A periodic comet when at an angular 
distance 0 from the perihelion of its orbit, of eccentricity e t suddenly 
encounters a resistance which brings it to a standstill. Show that it will 

fall into the sun in time — — — / ~~ e ) 2 , where t is the periodic 

4 \1 + t cos 0/ r 

time of the comet. 


Solution by M t V, Ramakrishmn. 

Since the comet is reduced to rest it moves towards the sun in a 
straight line. Hence 




9 


where r represents the radius vector to the comet in its position in 
the orbit whrn it is reduced to rest. 


Now, 


• • 


r = 



l „ a(l — e’) 

1 + t cos 9 1 + e cos G* 

* J. ( !-•' \ 5 

2 JVy, \ l + e cos Q ) 


= H .ai. _L / . \ 5 

4 Ji \l + e cos Vj 

- * / \ } 

4 \ 1 + e cos 0/ ' 


question 1213 . 

with iLtTT' ! ~ Prore that the pedal circle of any point P 

with respect to a triangle ABC c ,te the side BC at an angle equal to 

the complement of the sum of the angles PAB, PBA, PCB. 

Solution bij F. H. V. Gulase/charam. 

With the notation of J. 1. M. S. Vol. XIII DD 210 2lft 


p 1 

2a 


[cot 0 + cot 0’ -f cot 7 + cot y'J 
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P sin a sin 8 sin- 7 

~ sin A 


[cot 8 4 - col S' 4- cot V ■+■ cot Y J 


= p 


] 


a sio (A + 8 ’ + 7 ') »in (A— a) sin (8’ + 7 ') 
sio A + ein A 

= P £ sin a cos {8* + Y) -f cos a sin (8' + V)J 

= P sin {a + F + 7 '). 

Hence the question. 

Note : — The normal co-ordinates of the centre of the pedal circle are 
proportional to sin (a 4 - 8 1 + 7 '), ein (&' + /? + 7 '), sin (a' -f /?' + y). 


Question 1244. 

(S. RajaKabayanan) : — Sum the series 

(a— 1) 0 a r — a, a,-. 1 + (a+ 1) 2 a r - 2 — ... (I— l)'' (a+r— 
where n r denotes the number of combinations of n things r at a time. 

Solution by K. Satyanarayana. 

The series is the co-tfficient of x r in 
ar Xr (1 + x) a - 1 — a r — i X r - 1 (1 + x) a + a r _ 2 x r - 2 , 

(1 + xf + 1 — ... + (— l) r 0 0 X (1 + z)' + r “ 1 

i.e., ( — 1) [(^ + X ) 1 + r * — a \ x (l + xf " r r 4- ... 

+ ( -D r . + c-i) r+1 ® r+a * r+1 (i+*r 

4 - ... + (— 1)" x (!+«/“ l ] 

i e. 9 (— l) r (1 + x/ 1 (14-x— ») u 

i.e.t (— l) r (i + T) r 

the sum of the series = 0. 
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Question 1245. 

(S. Rajasarayaran) : — Find the value of the infinite series 

Q I S ; , Sq , 

+ 2l + HI + 

where S r denotes the sum of the r ,h powers of the first n natural numbers. 

Solution by K. Satyanarayana. 


The series = 


r = 00 

2 

r = I 
r = X> 1 


l r + 2 r + 3 , +. 


r = X> 1 ’ r = » 2 r 

2 -T + 2 + ... 

r=l r\ r= 1 r ■ 


'= » n 

+ 2 -7 

r=l ^ • 


= (<-!)+ (« a - 1) + ( t 3 - 1) + ... + («-« — 1) 


e n — 1 


=!-]■ 


Question 1246. 

(S. Rajanarayanan) : — Find the value of the expression 

V0+ s' { «& + V («& 8 + Va6 7 + Vafcis + ^/^jgpT-qp ... ) } j 

Solution by K, Satyanarayana. 

Denoting the value of the expression by », it is easily seen that 


x = Jb . /* + /a , 

v & .v/i, + + 

v V b 


so that — = ss /® 4. _JL 

V* \b^ J b ' 


- + — 

6 V? 


• x ~ T + \/“ + i • 
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QUESTIONS FOR SOLUTION- 

1254. (G» S. Mahajani) At a certain place A, on a certain day, 
m o = mean solar time of sidereal noon, ] 

9 q = sidereal time of mean noon, 

show that on that day the ‘ mean ■ and ‘ sidereal ’ times (m, s) at any other 

place B, where L° is the difference of the longitudes of B and A, are con- 
nected by the relation 

mzkh/lb 8 ± L/15 _ 

-I t 

m 0 Sq 

1255. (T. Vijayaraghavan) : — Show that 

lira B [m, log log m — log l og log m — h ~j = 

L lug m J 




where B (p, g), as usual, denotes the integral 


J XP' 1 (1 —xji- 1 dx. 


1256. (T. Vjjaiaeaghavak) Let $=>a l + * __1 

a* + a,+ 

be an irrational number and \ (0, n) be defined by the equation 

$ — L n I = ^ 

<ln | M 0,n).g n * 

where is the «th convergent in the continued fraction : if 

qn 


k (0J = Urn \ (0, n), 

« oo 

and if 3 occurs an infinity of times in the set (a r ), then show that 

* («) > 


except for a particular class of quadratic surds, namely, those whose 
periodic part when expressed as a simple continued fraction consists only 
of 3’s, 

1257. (A. C. L. Wilkinson) — Solve the partial differential equation 
r (1 — j 2 ) 8 +2/gs(l— 2 *) + — (1 -$• ) * = 0. 
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1258. (A. C. L. Wilkinson) Solve the partial differential 
equation 

xy (!—**)>• — (2x 3 y % — x 8 — 1) «+ajy(l— y*) t + xy {z—px—fy)= 0 # 

1259. (P. V. SaeHU Aiyab) :— Suggrst^d while reading about ‘the 
theory of monopolies ’ in ‘ Economics/ 

(1) Show that the values of x for which the function u = xf (*) is a 
maximum are the abscissas of the points where y =/ v a) touches a mem- 
ber of the family of rectangular hyperbolas xy — c. 

(2) If y —f (x) touches a member of the family xy — C at a point 

k 

whose abscissa is se„ show that the ourve y = f (x) — - where k is a con- 

X 

stant touches another member of the family at a point of the same abscissa 
a*i ; and find the ‘ e ’ of that other member. 


1260. (A. T. Thomas): — If a t = sin x, a 2 = sin sin x , a n = sin 
sin (n times) x, where OZxZ 7 r, then prove that the in- 


6 oite series 2 a n , and f a 3 are divergent, but 2 is convergent, and 

73 


CO 


in fact when n is large a,,^ ~ 

v ft 


1261. (A. T. Thomas):— If the numbers represented by f (x, y) where 
/is an integral expression with integral co-efficients of the positive integers 
x,y, are arranged in increasing order of magnitude, and considering those loss 
than N, the probab.liry that x and y are prime to each other is a number 

tending to — 5 - as «-> x> . 


1262. (A. T. Thomas) : — IF (x) means the fractional part of x and if 

* an irrational number > l, show that such members exist that ^ 

to zero steadily as „ goes to 00 through positive i£^,^ ^ te " d - 

1263. (I. Totadri lYfiNGiB) ; 

Sum the series : 


1 — 


1 

1 


*- + rj -x m ) n - x 


n — x> 




,2 


) 




1 1 


x ) d — X"*-1) ( | a.v)_ 


ri x>(i — ^> 3 ) (i — x z ) 


4 ... 


envelope of ? a !V wo °' a ' R - L ’ « the 

-n.vee oo B an, a eoostaot ratio of .ili^T. S ^ 
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(i ) C is also the envelope of ovals homothetio to B, having 
the homothetio oentres on A and a ratio of similitude 1 — X ; 

(ii) if P, Q be points on A, B and the tangents at these 
points are parallel, C divides PQ in the ratio (1 — X) : X ; 

(iii) if p = A+), p = p{+) be the intrinsic equations of 
A and B, then that of C is fi = x -A+J + (1 — *■) >9 ^) * 

(iv) if masses (1 — \) be placed within or on the boundaries 
of A and B, their centre of mass will be within or on C ; also every interior 
or boundary point of C is a possible position of centre of mass. 

1265. (A. A. Krishnaswami Iyengar) Show that every odd num- 
ber can be expressed as the sum of seven squares, except the numbers 
1, 3, 5, 9, 11, 17. 

1266. (A. A. Krishnaswami Iyengar) Find general expression 
for the sides of rational triangles, the squares of whose areas are perfect 
cubes, (Ex. 5, 6, 7.) 

1267. (S. Rajanarayanan) Prove that, if 

1 

m 


« 1 m 

• + * + - 


the 


n e wl + n — e m + and conversely. 


1268. (S. Rajanarayanan) If « = « 


11 a b 

. n n 
u — « b ms n : n , 


then n 


a + h a, n a + n b , and conversely. 


1269. (R. Vaidtanathaswami):— Solve the equation 

dx _ _ d V 

ax' * + bx + c a 1 y* + t>' V+ e 1 * 

Eence or otherwise shew that the irreducible algebraic curves which 
lie on a given quadric and whose tangents belong to a given linear com- 
plex, can always be reduced to the form 

x m = p," (m prime to n) 


where *, are generator co-ordinates on the quadric [«. r , the point (x, p) 
on the quadric is the point the parameters of the generators through which 

are x, /*]. 

Find the invariant relation between the quadric and the complex, in 
order that one such irreducible curve may be a twisted cubic. 
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